The main purpose of this work is to provide application of differential forms in physics. For this purpose, we describe differential forms, exterior algebra in details and then we express 
Introduction
In mathematical field of differential geometry and tensor calculus, differential forms are an approach to multivariable calculus that is independent of co-ordinates. Differential forms [5] provide a unified approach in defining integrands over curves, surfaces, volumes and higher dimensional manifolds. The modern notion of differential forms as well as the idea of the differential form being the wedge product of the exterior derivative, forming an exterior algebra, was pioneered by ElieCartan [3] .
Differential Forms
A differential -form is a sum of terms of the forms ( , , … , ) ⋀ ⋀ … ⋀ . Addition of forms and multiplication of forms by functions, is defined in the usual way. Multiplication of forms is defined by "concatenation"; i.e., where and are between 1 and .
Exterior Differentiation
Definition: Exterior differentiation is the operation taking a -form (for ≥ 1) to a ( + 1)-form defined by the following properties:
1) (Linearity) For constants and and forms and 
The Hodge Star Operator
The binomial coefficient which represents the dimension of the space of -forms Ω ( ) is the number of ways of selecting (unordered) objects from a collection of objects. It is evident that = − which means that there are as many -forms as ( − )-forms. In other words, there should be a way of converting -forms to ( − )-forms, for instance, 3-forms on 4-dimension can be converted to 1-forms and vice versa. The operator that does this conversion is called the Hodge Star Operator [9] . This is an isomorphism between -forms and ( − )-forms, * is called the dual of and = ∧ … ∧ is the volume forms. Suppose that , … , are positively oriented orthonormal basis of 1-forms on some chart ( , ) on a manifold . In particular = ∧ … ∧ . Let 1 ≤ < ⋯ < ≤ be an ordered distinct increasing indices and let < ⋯ < be their complement in the set {1,2, … , }, then,
Where ( ) is the sign of the permutation <, … , < in {1,2, … , }. In other words, the wedge products of -forms and ( − )-forms yields the volume form up to a sign. We claim that * ∧ … ∧ = ( ) … ∧ … ∧ (4.11)
and is the signature of the metric.
The signature of the metric = 0 for Riemannian manifold and = 1 for Lorentzian manifold, thus, * = (−1) ( ) for Riemannian manifold (−1) ( ) for Lorentzian manifold (4.12)
We could rewrite (4.11) by introducing the totally anti-symmetric Levi-Civita permutation symbol defined by ,…, = +1 , … , is an even permutation of (1,2, … , ) −1 , … , is an odd permutation of (1,2, … , ) 0 otherwise.
(4.13)
The Levi-Civita symbol [5] of all the indices up is equal to the permutation with all the indices down on Riemannian manifold,
Since the Riemannian metric [5] which is positive definite is used to raise or lower indices. However, this is not the case in Minkowski (Lorentzian manifold) 4-dimensional space-time, where index raising lowering is done with Minkowskimetric . Thus, in Minkowski 4-dimensional space-time Example 4.1 Suppose , , are a basis of 1-forms on some chart ( , ) on 3-dimensional Riemannian manifold [9] . Then using (4.13) and (4.14) we obtain * = 1
Notice something interesting in the above example, in 4-dimensional Minkowski space-time, the dual (Hodge Star Operator) of a 2-form is also a 2-form that is,
The dual of a 3-form in 4-dimensional Minkowski space-time is given by
The exterior derivative [4] and Hodge Star Operator on ℝ yield the known classical operators curl, divergence and gradient of vectors as we show now
Suppose is a 0-form on ℝ . Then
If the coordinates are Cartesian, then the components are the components of the gradient of . Thus,
If the components are Cartesian, then the components are that of the curl a vector A. That is, * = (∇ × ).
Notice that,
Equations of Electromagnetics
The equations that relate the electromagnetics quantities will now be presented. Their proper introduction, in a textbook manner, should start with a description of the basic experiments (Coulomb, Ampere, Faraday, etc.): leading step by step to the final result using differential forms all along. This article does not allow enough space to do this properly. Therefore, we shall state the equations without other justification than their internal consistency and their agreement with the familiar vector calculus expressions.
The equations of electromagnetics are displayed in Tables I, II . All quantities are represented by form of various degrees, and they are designated by the letters conventionally used in the vector representation. The vector corresponding to a one-form is obtained by means of the over bar operator (e.g., → = ),while a vector corresponding to a two-form results from the star operator composed with the over bar (e.g., → = * ). Note that vectors corresponding to one-forms and two-forms are sometimes called polar and axial, respectively. This indicates different behavior under reflection which are obvious for differential forms submitted to a pullback under this operation. where is the outward drawn unit normal vector to ⊂ ℝ .
Using the differential form the above Stoke's theorem can be put in compact form as,
where , represents a surface in ℝ and represents its boundary ( a closed curve in ℝ ).
Generalized Stoke's Theorem
Let ⊂ be a compact oriented submanifold with boundary in a manifold . Let be a continuously differentiable ( − 1)-form on . Then
Covariant Form of Maxwell's Equations
Maxwell's equation [9] can be cast into covariant form. As Einstein expressed it "The general laws of nature are to be expressed by equations, which hold good for all systems of coordinates, that is, are covariant with respect to any substitution whatever. Since is symmetric in and while is antisymmetric in and . The expression (5.26) is the conservation of electric charge whose underlying symmetry is gauge invariance.
The Homogeneous Maxwell's Equation
Having developed the mathematical language of differential forms [1] , we hereby apply it to Maxwell's equations. First, consider the Homogeneous Maxwell's equations [9] (5.13) and (5.14), notice that in the language of differential forms, the divergence of a vector has been shown to be the exterior derivative of a 2-form on ℝ . The curl of a vector has also been shown to be the exterior derivative of 1-form on ℝ . Thus, instead of treating the magnetic field as a vector = ( , , ) we will treat it as a 2-form
Similarly, instead of treating the electric field as a vector = ( , , ), we will treat it as a 1-form, = + + (6.12)
Next, we shall consider the electric and magnetic fields as the inhabitants of space-time and assume that the manifold to be a semi-Riemannian manifold [2] equipped with the Minkowski metric, in other words, as a 4-dimensional Lorenzian manifold or space-time. Furthermore, we shall assume that the space-time can be split into a 3-dimensional manifold , space with a Riemannian metric and another space ℝ for time. Then Explicitly, we have
Taking the exterior derivative of (6.14) we obtain
In general, for any differential form on space-time, we have
where ranges over , , … , and is a function of spacetime. Taking the exterior derivative [3] of (6.18), we obtain
where is the exterior forms on a space-time, we shall split the exterior derivative into space-like part and time-like part. Using the identity above, we obtain the following from (6.17)
is the same as = 0 (6.19)
The equation (6.19) and (6.20) are exactly the same as (5.13) and (5.14).
In order to be fully convinced that this is true [9] , let's do the calculation explicitly in component form. Taking the exterior derivative of in (6.16), we obtain
Note that = 0 is the same as
The above four equations are exactly the same as (5.13) and (5.14). Hence, the Homogenous Maxwell's equations correspond to the closed form = 0.
The Inhomogeneous Maxwell's Equations
In the old fashioned formulation of Maxwell's equations (see (5.12)-(5.14)), the Homogenous and the Inhomogeneous [9] versions are somehow related by reversing the role of and . In the language of differential forms, this reversal relationship will lead to treating as a 2-form and as a1-form. Interestingly, the Hodge Star Operator does this work efficiently since one can easily convert a 1-form in 3-dimensional space to a 2-form and vice versa. Starting form (6.16) and using the results established in A close look at (6.16) and (7.11) shows that the effect of the dual operator on amounts to the exchange ⟼ − and
This is the main difference between the Homogeneous and the Inhomogeneous Maxwell's equations. Another difference is that the Inhomogeneous version contains and . In the language of differential forms, we shall use the fact that the metric allows us to convert a vector field into a 1-form. Combing the charge density and current density into a unified vector field on Minkowski space-time, we obtain = = + + + (7.14)
withMinkowski metric (6.13), we obtain the 1-form = = + + − (7.15) where = (7.16) Let * denote the Hodge Star Operator on space, using (4.15) we can easily see that (7.11) is the same as * = * − * ∧ (7.17) which amounts to the exchange ↦ − * and ⟼ * In (6.14), taking the exterior derivative of (7.17), we obtain * = * + * ∧ − * ∧ (7.18)
Applying Hodge Star Operator [5] , we obtain * * = − * * ∧ − + * * (7.19)
If we set * * = and equate components, we obtain * * = Notice that, the above four equations are exactly the same as (5.11) and (5.12) and also * * = is similar to (5.24). Thus, the Maxwell's equations correspond to = 0 , * * = .
Conclusion
We know there are four classical Maxwell's equations. In our treatment we have been able to express them by two equations. We may expect that these will be useful in further research of Maxwell's equations.
